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Q . In this paper we study the 9-Cauchy problem and the 9-closed extension problem 

(-H ! for forms on domains in complex hermitian manifolds. These problems were first 

studied in the paper by Kohn- Rossi [KR] (see also [FK]), who proved the holomor- 

phic extension of smooth CR functions and the 9-closed extension of smooth forms 

from the boundary bfl of a strongly pseudo convex domain to the whole domain O. 

^ . The L^ theory of these problem has been obtained for pseudoconvex domains in 

^ I C"^ or, more generally, for domains in complex manifolds with strongly plurisub- 

harmonic weight functions (see Chapter 9 in [CS] and the references therein). In 

this paper we study these problems on pseudoconvex domains in complex hermitian 

manifolds when such weight functions are not available, for instance, on a pseudo- 

»^ '. convex domain in the complex projective space CP"^. 

O I One application of the 9-Cauchy problem is to obtain the nonexistence of Levi- 

1^ I flat hypersurfaces in CP". This was first used by Siu in [Sil] where the nonexistence 

c3 ■ of smooth (or ^ + 7) Levi-flat hypersurfaces in CP"^ was proved for n > 3. In a 

n ■ subsequent paper [812] , he proved the nonexistence of C^ Levi-flat hypersurfaces in 

>• . CP . We also mention the papers by Lins-Neto [LN], lordan [lo] and Ni-Wolfson 

K> ', [NW] on related subjects. 

H [ The main result of this paper is to prove the nonexistence of Lipschitz Levi-flat 

hypersurfaces in CP"^ for n > 3. We first define Lipschitz Levi-fiat hypersurfaces. 

Recall that a bounded domain D dC M^" is called Lipschitz if near every bound- 
ary point p e 6-D, there exists a neighborhood U oi p such that in local coordinates 

yX , Xiij v*^l) ' ' ' 5 •^2n — li •^2n}i 

DnU = {(x', X2n) eU\x2n> i^ix')} 

for some Lipschitz function t/j : M^"^~^ ^ M. A Lipschitz function is differentiable 
almost everywhere (See Evans-Gariepy [EG] for a proof of this fact). A domain 
in a complex manifold is called Lipschitz if at every point of the boundary, there 
exist some local coordinates such that the boundary is the graph of some Lipschitz 
function. 



*Both authors are partially supported by NSF grants. 
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Definition. A Lipschitz hypersurface is a hypersurface which locally is the graph 
of a Lipschitz function. A Lipschitz (or C^) hypersurface is said to he Levi-flat if 
it is locally foliated by complex manifolds of complex dimension n — 1. 

From the implicit function theorem, any C^ hypersurface locally is the graph of 
some C^ function. A C^ hypersurface M is called Levi-flat if its Levi-form vanishes 
on M. Any C^ Levi-flat hypersurface, /c > 2 is locally foliated by complex manifolds 
of complex dimension n — 1. The foliation is of class C'^ if the hypersurface is of class 
C^, k >2 (see Barrett-Fornaess [BF]). The proof in [BF] also gives that if a real C^ 
hypersurface admits a continuous foliation by complex manifolds, then the foliation 
is actually C^. Thus our definition is a natural generalization of Levi-flatness to 
Lipschitz or C^ hyper surfaces. 

Theorem. There exist no Lipschitz Levi- fiat hypersurfaces in CP"" for n> 3. 

The main tool to prove the theorem is to study the 9-Cauchy problem using the 
9- Neumann operator. When the boundary is C^ and pseudo convex in CP"^, the 
9-Neumann operator exists using bounded plurisubharmonic functions, a result by 
Ohsawa-Sibony [OS] . It is not known if the 9-Neumann operator exists for Lipschitz 
pseudoconvex domains. However, the weighted 9-Neumann operator always exists 
with suitable weight functions. To prove the nonexistence of Lipschitz Levi-flat 
hypersurfaces, we use the L^ 9-Cauchy problem with weights and the equivalence 
of the weighted spaces with the Sobolev spaces. 

In [CSW], we carried out an L^ approach for 9-closed extension problem using 
the 9-Neumann operator in order to study the nonexistence of C^-smooth Levi- 
flat real hypersurfaces in CP". In fact, only the nonexistence of C^'" Levi-flat 
hypersurfaces in CP"^ with n > 3 was proved, by using 9-closed extension of the 
Chern connection (0, l)-forms (see Section 5 in [CSW]). The proof for the CP^ case 
in Section 6 of [CSW] relies on a Liouville-type result , which is yet to be completed 
(see Conjecture 2 at the end of this paper). At the end of the paper, we mention 
how to bridge the gap in the proof [CSW] for the nonexistence of C^ Levi-flat 
hypersurfaces in CP^ using results in [Si2]. 

We note that there exist nonsmooth Levi-flat hypersurfaces in CP" which are not 
locally Lipschitz graphs. Let M = {[zo,zi, Z2] G CP^ | l^ol = \zi\} and CP^ \M = 
0+ U0~, where [^o, -^i, -^2] are homogeneous coordinates in CP^. Then 0+ and Q~ 
are both pseudoconcave and pseudoconvex domains since each can be represented in 
local coordinates by a product of a disc with C (see e.g. [HI]). We can view M as a 
Levi-flat hypersurface in the sense that it is the boundary of a domain which is both 
pseudoconvex and pseudoconcave. The boundary M is smooth except at [0,0, 1], 
where M is not foliated by complex curves. Notice that M is also not a graph of a 
Lipschitz function in a neighborhood of the point [0, 0, 1]. Similar examples can be 
found in CP" for n > 3 by setting M = {[zq, z\, 22, ■ ■ ■ , -Zn] G CP"^ | \zq\ = \z\W. 

The plan of this paper is as follows: In section 1 we give a self-contained treat- 
ment of the 9-Cauchy problem on domains with Lipschitz boundary in a hermitian 
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complex manifold using the 9-Neumann operators. In section 2 we prove the exis- 
tence of Holder continuous bounded exhaustion functions for pseudoconvex domains 
with C^'^ boundary in CP"^. This gives an alternative proof of the Ohsawa-Sibony 
result on the existence of bounded plurisubharmonic functions for C^ pseudoconvex 
domains in CP". In Section 3, we use the weighted 9-Cauchy problem to study 
the extension of 9-closed (p, g)-forms from a pseudoconcave domain to CP"^ when 
g<n — l,n>3. In Section 4, we study the Levi-flat boundary and its connection 
forms and prove the main theorem. It is still unknown if our main theorem can be 
extended to CP^. In Section 5, we discuss the extension of 9-closed (p, n — l)-forms 
in CP"^. We also mention two open problems which will imply the nonexistence of 
Lipschitz Levi-flat hypersurfaces in CP^. 

1. The 1? 9-Cauchy problem on complex manifolds 

Let Af be a complex hermitian manifold of dimension n > 2 and let O be a 
bounded domain in X . The 1? Cauchy problem for d is to study the following 
question: Given a (p, q')-form / with 1? coefficients supported in O, where < p < n 
and 1 < Q < n, find a (p, g — l)-form u such that 

Supp -u C O, , ^ 

- . . (1-0) 

du = f in A* in the distribution sense. 

When q < n, we assume that / satisfies 

df = in A" in the distribution sense. (1-1) 

When q = n, (1.1) is a void condition. Using integration-by-parts, another com- 
patibility condition for (1.0) can be derived as follows: If (1.0) is solvable for 
/ G L? q){^)j where I < q < n, then / must satisfy 

J ^9 = 0. ^GL2_^,_^)(0)nKer(a). (1.2) 

We define the generalized Bergman projection operator 

Recall that the Hodge star operator • = * is given by 



{^f,9)\n = {-ir+' 9Af=fA9. 
Jo, Jo. 

Hence, condition (1.2) is equivalent to 

P(^_p,^_,)(*/) = 0. (1.2') 

Thus when q < n, both (1.1) and (1.2) are compatibility conditions for the 9-Cauchy 
problem. 

In the next lemma, we will show that condition (1.2) implies condition (1.1). 
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Lemma 1.1. Let Q be a bounded domain in a complex hermitian manifold X of 
dimension n > 2. Let f G L? q){^), where < p < n and < q < n, such that f 
satisfies (1.2). Then df = in X if f is extended to be zero outside O. 

Proof. We take g = d -k v for some v G C?° ,i){X) in (1.2). It is clear that 

g G Ker(9). Let i!} = d* = — -k d-k, where i} is the formal adjoint of d and d* is the 
Hilbert space adjoint. By (1.2) and the fact d-kv E Ker(9), we see that 

(/, d''v)x = [ fA Hd*v) = (-l)P+«+i / / A d{^v) = 

for any v G C?° _^^AX), where we used the equality •(•«) = {—ly^'^u for u = 
d{-kv) G -^L_ ^_ \{^)- This implies that 9/ = in the distribution sense in X. D 

In general, (1.1) and (1.2) are not equivalent. We will see that they are equivalent 
for q < n iiv Theorem 1.4. 

When q <n, including the top degree case, the 9-Cauchy problem will be solved 
for forms satisfying (1.2) in the next theorem. 

Theorem 1.2. Let Q be a bounded domain in a complex hermitian manifold X of 
dimension n > 2. Suppose that the d -Neumann operator N(^n_p,n_q^ on -^L_„ „_„-)(^) 
exists for some < p < n and 1 < q < n. For any f G L? q){^) such that f is sup- 
ported in O and f satisfies (1.2), then there exists u G L? ^^{X) satisfies du = f 
in the distribution sense in X with u supported in O. 



Proof. Since the 9-Neumann operators N(^ri-p,n-q) in ^ exists, the generalized 

{n-p,n-q) '■ ^ (n-p,n-q)\^'') ~^ ^{n-p,n-q)^ 



Bergman projection operator P(„_p^„_„) : L^ AVL) -^ L^ JO) nKer(a) 



is given by 

d*dN(^n-p,n-q) = I - P{n-p,n-q)- (1-3) 

We set u by 

u = --kdN^^_p^^_q)-kf. (1.4) 

Since / satisfies (1.2), we have P(n-p,n-q) * / = 0. From (1.3), we have 



ati = (-i)p+9*raiV(„_p,„_g)*/ 

= / - (-l)P+'?*P(^_p,^_,) • / = / in O. 



(1.5) 



Using the fact that -ku G Dom(9*) and extending u to be zero outside O, one can 
show that du = f in X in the distribution sense as follows. Observe that 

a*(*w) =^i.u = (-1)^+^ i.du = (-1)^+'? • /, 

4 



where i} -k u is taken in the distribution sense in O. Hence, we have for any i(j G 

= (-l)P+^(a*V, ^u)n 

= (-l)P+n*^, a*M)n (1.6) 

= (/, V');^, 

where the third equahty holds since -ku G Doni(9*). Thus du = f in the distribution 
sense in A'. D 

Theorem 1.2 imphes that condition (1.2) is necessary and sufficient for solving 
the 9-Cauchy problem for all (p, g)-forms of all degrees, including the top degree 
q = n. 

Next we analyze the case when q < n. Let '^^(p,g) (fi) denote the space of harmonic 
(p, g)-forms, i.e., 

n^p^q){n) = {he Llp^q){^) n Dom(a) n Dom(a*) I a/i = 0, a*/i = o}. 

Notice that no assumption on the smoothness of O is used in Lemma 1.1 and 
Theorem 1.2. From now on, we will assume that the domain O has Lipschitz 
boundary. 

Lemma 1.3. Let X he a complex hermitian manifold of dimension n > 2. Let O 
be a bounded domain in X with Lipschitz boundary. For < p < n, I < q < n — 1, 
if f E L? q){'^) with df = in the distribution sense in X and f supported in O, 
then -kf G Dom{d*) and d* -k f = Q inQ. 

Proof Forany</>GC(-_^^_^_,)(n), 

id<P. *fh = (-1)^+' [ d<PAf = {-ir+'^ [ fA^^d<P 

Jii Jo. 

= {-lY+'^{f,i.d<p)a = {f,^i<<Ph 

= {df,-^4>)x 
= 

since supp f dVt and 9/ = in the distribution sense in X . 

Since Vt has Lipschitz boundary 60, using the Friedrichs's lemma, we see that 
the set C?^_ _ j^JO) is dense in Dom(9) in the graph norm (see [Hoi] or Step 
1 in Lemma 4.3.2 in [CS]). It follows from the definition of d* that •/ G Dom(9*) 
anda*(*/) = 0. D 

We summarize the discussion above as follows. 
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Theorem 1.4. Let X he a complex hermitian manifold of dimension n> 2. Let O 
be a bounded domain in X with Lipschitz boundary. We assume that the B-Neumann 
operators Ni^n_p^n_q-^ and N(^n-p,n-q-i) 'i'^ ^ exist for < p < n and 1 < q < n — 1 
and assume that T-C(^ri-p,n-q){^) = {0}. For every f G L? „){^) with df = in the 
distribution sense in X and f supported in O, one can find u G L? -j^JA:') such 
that du = f in the distribution sense in X with u supported in O. 

Proof. By our assumption, the 9- Neumann operator A^(^_p ,^_g) of degree {n—p, n — 
q) in O exists and T-C(^ri-p,n-q){^) = {O}- From the Hodge decomposition, we have 
for every / G L^^^^^^{n), 

-kf = aa*A^(„_p,„_g) • / + d*dN^ri-p,n-q) * /• 

We define 

U = -'kdN(^ri-p,n-q)'*<f, (1-7) 

then u G -^L_„ „_i)(^) and -ku G Dom(9*). 

Extending w to A' by defining -u = in A' \ fi, we claim that ^-u = / in the 
distribution sense in X. First we prove that du = f in the distribution sense in O. 

By (1.7) we get 



du = -d-k dN^^_p^^_q) -k f 

= {-lY+''^d*dN^r.-p,n-q)^f. 



(1.8) 



It follows from Lemma 1.3 that •/ is in Dom(9*) and 

a*(*/) = o. (1.9) 

By our assumption that A'"(„_p^_g_i) exists, we have 

riV(,_p,„_,) • / = iV(,_p,,_,_i)a*(*/) = 0. (1.10) 

Combining (1.8) and (1.10) and the assumption T-C(^n-p,n-q){^) = {0}, we conclude 
that 

du = {-ir+'^^d*dN^^_p^^_q)^f 

= / 
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in the distribution sense in Q. Since -ku e Doni(9*), repeating the same arguments 
as in (1.6), we have proved du = f in the distribution sense in X. Theorem 1.4 is 
proved. D 

We note that in the proof of Lemma 1.3 and Theorem 1.4, the Lipschitz boundary 
condition on O is used to show that the C?^ „_„_i)(^) space is dense in Dom(9) 
in the graph norm. 

Let O CC CP"^ be a pseudoconvex domain with C^-smooth boundary bfl and 
let d{x) — d{x,bQ) be the distance function from a; G O to 60. We caU to = to(fi) 
the order of plurisubharmonicity for the distance function 6 if 

to(fi) = sup{0 < e < l\idd{-5^) > on O}. (1.11) 

In CP" with the standard Fubini-Study metric, Ohsawa-Sibony [OS] showed that 
there exists < to(^) ^ 1 for any pseudoconvex domain O C CP^ with C^-smooth 
boundary (see Diederich-Fornaess [DF] for domains in C"^). We recaU the following 
results (see Theorem 2 in [CSW]). 

Theorem 1.5. Let Q be a pseudoconvex domain with C"^ -smooth boundary in CP" 
and let to be the order of plurisubharmonicity for the distance function d. Then the 
d-Neumann operator N(^p^q-) exists on L? „)(^) where < p,q < n and the harmonic 

forms 1-C(p^q){^) = {0} if I < q < n. Furthermore, N,dN,d*N and the Bergman 
projection P are exact regular on W? AVt) for < s < ^to with respect to the 
W^{Q)-Sobolev norms. 

A direct consequence of Theorems 1.2, 1.4 and 1.5 for the case oi X = CP"^ is the 
corollary below, which was already obtained in Propositions 4.1 and 4.2 in [CSW]. 

Corollary 1.6 (L^ Cauchy problem for B in CP""). Let O CC CP"" be a 

pseudoconvex domain with C^ boundary and let < p < n and 1 < q < n. For 
every f G L? JCP"") supported in O, we assume that df = in the distribution 
sense in CP"" ifl<q<n — 1 and f satisfies (1.2) if q = n. Then one can 
find u G L? -,^n(CP"') such that du = f in the distribution sense in CP" with u 

supported in O. 

In the next section, we will show that when the domain is pseudoconvex with 
C^'^ boundary, then Theorem 1.5 and Corollary 1.6 hold. 

2. Bounded plurisubharmonic functions for 
pseudo-convex domains with C^'^ boundary 

In this section we will recall some results for pseudoconvex domains in CP^. We 
will also give an alternative proof of the existence of bounded plurisubharmonic 
functions for domains with C^'^ boundary (see [OS]). Such functions can be used 
to prove the existence of the L^ 9-Neumann operators. 
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Furthermore, if f E Wf JQ,) with < s < hto, then we can choose u G 



Lemma 2.1. Let Vt he a Lipschitz pseudoconvex domain with Levi-flat boundary 
M in CP", n > 2. Then M is locally foliated by complex hyper surf aces. More- 
over, for each Q G M , there exist a neighborhood U of Q and local unitary frame 
{ei, ...., Cn-i, Cn} on U such that (1) for z G Mr\U , the vector fields {ei, ...., Cn-ijlz 
are tangent to the leaves of the foliation of MnU; and (2) The covariant derivative 
Vge~j is a bounded function for j = 1, ...,n — 1 and any unit vector ^ G Tz{CP^) 
with z E U . 

Proof. Since M is Levi-flat, it is locally foliated by complex manifolds of dimension 
n— 1 and the foliation is Lipschitz in the transversal direction. For any point Q G M, 
we can parametrize a neighborhood F C M of Q as follows. Let {z', g{z' , t)} denote 
the leaf E^ where g{z',t) is holomorphic in z' = (^i, ■ ■ • , Zn-i) G B^ C C"^"^ and 
Lipschitz in t for < |t| < |U. We can parametrize M locally as a graph of the 
function g, by setting 

^{z\t) = {z',g{z',t)), 

where 2;' G C, < |t| < //. Clearly, \E' : B^ x (— /U, /u) ^ M is a local coordinate map 
of M and \1/ is Lipschitz in t and C°° (holomorphic) in z' . 

Let z' — {zi, ..., Zn-i) and extend \E' to a map \E' : B^ x (— /U, fx) x (— /U, n) -^ CP" 
by setting '^{z' ,t + is) = (2', g{z', t) + svo), where (t, s) G (— /U, /u) x (— /U, n) and vq is 
a constant vector transversal to ^g^' ' for all {z' , t) G B^ x (— /U, /u). We now choose 
Vj = ^- for J = l,...,n — 1. Applying the Gram-Schmidt process to the frame 

{-Di, ...,Vn-i}, we obtain a unitary frame {ei, ....,6^-1} with Lipschitz coefficients. 
Thus (2) is satisfied as desired. D 

We recall the following theorem by [Ta] (see also [CS]). 

Theorem 2.2. Let O CC CP"" be a pseudoconvex domain. Then the distance 
function 5 satisfies 

idd{-\og5)>u (2.1) 

as currents where u is the Kdhler form of the Fubini-Study metric on CP^ . 

In CP^ with the standard Fubini-Study metric, Ohsawa-Sibony [OS] showed that 
there exists a bounded plurisubharmonic functions for pseudoconvex domains with 
C^ boundary. We give a proof below for pseudoconvex domains with C^'^ boundary. 

Proposition 2.3. Let O CC CP^ be a pseudoconvex domain with C^'^ boundary 
60. Then there exists a distance function d in C^'^{Q) which satisfies (2.1) almost 
everywhere. Furthermore, there exists to = to(0) with < to ^ 1 such that 

idd{-S^")>0. (2.2) 

Proof. Let 6 be the distance function from z G O to 60. Since the boundary is 
of class C^'^, we have that there exists a neighborhood U of 60 such that d is in 
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Ci'i(0 n U). Using [Ta], we have 

idd{- log 5) = I — V^ + ^ — > ^ (2-3) 

0^ 

near the boundary almost everywhere. 

To prove (2.2), observe that inequality (2.2) is equivalent to 

i— ^ + (1 - to) ^, > 0. (2.4) 

Compare (2.4) with (2.3), we see that (2.2) is equivalent to 

,aa(-iog«)>t„!^. (2.5) 

Near a boundary point, we choose a special orthonormal basis t^i, ■ • ■ , w^ for (1, 0)- 
forms such that Wn = V^d{—6). Let Li, ■ ■ ■ , L^ be its dual and let a be any (1, 0)- 
vector. We decompose a = ttr + a^, where a^, = (a, L^) is the complex normal 
component and a^- is the complex tangential component. We have 

{dd{—\og5),a A a) 

= ( — y^,a^ Aa^) + 23f?( — y^,a^Aa^) (^2.6) 

,dd(-d) . \aJ'^ 

+ { — Y^, a^ A d^) + ^^. 

From (2.1) and (2.3), we have 

{dd{—log6), ttr A dr) > ( ? ,ar A dr) > |ar|^. 



Thus from (2.6), 



(aa(-log5),aAa)>|a,|2 + ^-2|(^^^,a,Aa,)| 
- K — ^^,a^ Aa^)|. 



1,1 



(2.7) 



Using the assumption that 60 is C ' , we have 

\ddp\ < C (2.8) 

Also for any e > 0, there exists a small neighborhood U of 60 such that 

\dd5\ < '-. (2.9) 
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Thus for any e > 0, we have from (2i 



|(^^, a. A -a^)\ < C (\\aA' + e^ ) , (2.10) 



and from (2.9), 



(^V^,a,Aa,)| < ^|a,|2 (2.11) 



,dd{-5) 

1 '-"''-''" - 5 

on a sufficiently small neighborhood U of the boundary. 

Substituting (2.9)-(2.10) into (2.7) and choosing e sufficiently small, we have 

(aa(-log5),aAa)>^^-K|a,|2 (2.12) 

2 

for some large constant K depending on e. Multiplying (2.1) by K and adding it 
to (2.12), we have 



(i^ + l)(aa(-log(5),aAa) > - 



1 la^ 



2 



2 52 ■ 

This proves (2.5) with to = 2{k+i) '^^^^ ^^^ boundary, or equivalently, (2.2) is 
proved near the boundary. Since O is Stein, on any relatively compact submanifold 
O' CC O, there exists a bounded strictly plurisubharmonic function on O . By 
standard arguments one can extend 5 so that 5 is the distance function near the 
boundary and 5 satisfies (2.1) and (2.2) in O. D 

Remark: Diederich-Fornaess [DF] show that if Q is a pseudoconvex domain in C" 
with C^ boundary, let 5 = 5e~^'^^ with large K > ^ then (2.1) holds with 5 
substituted by d. The proof of Proposition 2.3 is a modified proof of the Diederich- 
Fornaess [DF] and Ohsawa-Sibony [OS] results. We also remark that bounded 
plurisubharmonic exhaustion functions exist for pseudoconvex domains in C"^ with 
C^ (see Kerzman-Rosay [KeR]) or even Lipschitz boundary (see Demailly [De]), but 
it is not known if such functions exist for C^ or Lipschitz pseudoconvex domains in 

Proposition 2.4. Let Q be a pseudo-convex domain with C^'^ -smooth boundary 
in CP"-, n > 2. Then the B-Neumann operator -/V(p,g) exists on L"^^ JVt) where 
< p,q < n and the harmonic forms 7i(^p^q){Q) = {0} if I < q < n. Furthermore, 
there exist to > such that iV, dN, d*N and the Bergman projection P are exact 
regular on Wf -.{Vt) for < s < |to with respect to the W^{Vt)-Sobolev norms. 

Proof. Let O, 5 and to be the same as in Proposition 2.4. The proposition follows 
exactly the same as the proof of Theorem 2 in [CSW]. 

From Proposition 2.4, the results of Theorem 1.5 and Corollary 1.6 hold also for 
C^'^ pseudoconvex domains. Then we can use the same arguments as in Section 
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5 in [CSW] to show the nonexistence of C^'^ Levi-flat hypersurfaces in CP" when 
n > 3. But it is not known if Proposition 2.3 holds for Lipschitz domains. In the 
next section, we will use the weighted 9-Neuniann operators to study the 9-Cauchy 
problem on Lipschitz domains. 

3. The 9-Cauchy problem with weights on 
Lipschitz pseudoconvex domains in CP"' 

Let O be a pseudoconvex domain with Lipschitz boundary in CP"', n > 2. We 
study the 9-Cauchy problem with weights and the 9-closed extension of forms from 
pseudoconcave domains. 

For t > 0, let L2(e-'^S0) = L'^{5\n) = L'^{5^) be the weighted L^ space with 
respect to the weight function (pt = — tlog5. The norm in L'^{6^) is denoted by 
II II (i). Let d and d^ be the closure of 3 and its L^ adjoint with respect to the 
weighted L'^{S^) space. 

Proposition 3.1. Let O CC CP"" be a pseudoconvex domain. For any t > and 

(p, q)-form f G L'^{S^), where < p < n and I < q < n, such that df = in O, 
there exists u G L? i\{5^) satisfying du = f and 



\n\\ft)<-\\f\\ly (3.1) 



Furthermore, the weighted d- Neumann operator Nt exists for all t > 0. 

Proof. We first assume that O is C^ . By [Ta] , we have that (p = — log 6 is strictly 
plurisub harmonic and idd(j) > u), where uj is the Kahler form of CP"^ with the 
Fubini-Study metric. Using Hormander's weighted L^ estimates for the 9-Neumann 
problem (see e.g. Proposition A. 4 in [CSW]), we have the following formula: for 
any (p, g)-form g G Dom(9) fl Dom(9i*), 

\\dg\\l) + \\d:g\\l^>t{{idd<p)gr9)ity (3.2) 



\\d9\\l) + \\dtg\\l,>t\\g\\ly (3.3) 



Thus, we have 

"^''V*) "•" ii^tyii(t) - Hiyii(t)- 

For any / G L^(5*), there exists u G L^(5*) satisfying du = f and (3.1). This 
proves the proposition when O is C^. The general case follows from approximating 
the domain O from inside by smooth pseudoconvex domains. D 

From (3.1), we have that the weighted 9-Neumann operator Nt exists for each 
t > (see the proof of Theorem 4.4.1 in [CS]). D 

We remark that there is no smoothness assumption on the boundary 60 in Propo- 
sition 3.1. We will use the weighted 9- Neumann operator Nt to study the 9-Cauchy 
problem. 
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Proposition 3.2. Let O CC CP"" he a pseudoconvex domain with Lipschitz bound- 
ary, 71 > 3. Suppose that f G L? q)(<^~*7 ^) for some t > 0, where < p < n and 
1 < q < n. Assuming that df = in CP"" with / = outside O, then there exists 
Ut G L? -^JJ"*,^) wt/i Wi = outside O satisfying But = f in the distribution 
sense in CP"". 

Proof. From Proposition 3.1, ttie weiglited 9- Neumann operators Nt exists for forms 
in L? _ _ -,(5*, O). Let •(t) denote the Hodge-star operator with respect to the 

weighted norm L^(5*,0). Then 

where • is the Hodge star operator with the unweighted L^ norm. Since / G 
L? q){^~^7 ^): we have that *{-t)f ^ -^L q)('^*' ^)- ^^^ '"* ^^ defined by 

ut = -^it)dNt^^_t)f. (3.4) 

Then tii G L^^ ,^_,)(5-*, O), since aiVt*(_t)/ is in Dom(a;) C Lf^_p^^_^+,){6\n). 
Since d^ = 5~^d5^ = — *(-t) d-kif^, using the same proof as in Lemma 1.3, we have 
•(_t)/ G Dom(9i*) and d^ •(_t) / = in O. This gives 

BtNt •(_,) / = Ntdt •(_,) / = 0. (3.5) 

From (3.5), we have 

But = -B{-k^t)BNt-k(^-t)f) 

= {-ir+'^^^t)d:BNt^^.t)f 

= {-ir+'^i.^t)d:BNt *(_,) / + {-ir+'^i.^t)dB:Nt *(_,) / (3.6) 

= (-i)^+^*(t) *(-t) / 

= / in O. 

First notice that •(_t)(-l)P+'?aA^t •(_t) / = BNt •(_<) / G Dom(a;). We also 
have B^ *(-t) w = (—1)^+'^ *(-t) / i'^ ^- Extending -Ut to be zero outside O, one can 
show that dut = / in <CP^. The proof is similar to the proof of Theorem 1.2. In 

fact, for any ^gC(^^^)(CP"), 

('u,z??/')cp" = (•^?^, •(-t)w)(t)n 

= (-l)^+n*^, Bl{^^_t)u))^t)ii (3.7) 

= (*V', *(-t)/)(t)n = (*V', */)n 

= (/, '0)CP", 

where the third equality holds since •k(-t)U G Dom(9i*). Thus Bu = f in the 
distribution sense in CP^. D 
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Theorem 3.3. Let O CC CP"" he a pseudoconvex domain with Lipschitz boundary 
and let 0+ = CP"\n. For any f G W}^\{Q+), where < p < n, < q < n-1 and 

< e < i, such that Bf = in n+ , there exists F e W^(p,g)(CP'") with F\q+ = f 

and Bf = in CP" in the distribution sense. 

Proof. Since Q has Lipschitz boundary, there exists a bounded extension operator 
from W'{n+) to W'iCP'') for aU s > (see e.g. [Gr] or [St]). Let / G W^+;^^{CP'') 

be the extension of / so that /|n+ = / with ||/||vi/i+^(CP") ^ C'||/|||yi+e('f2+). Fur- 
thermore, we can choose an extension such that Bf G VF'^(O) fl L^(5~^'^,0). 

We define Tf by Tf = — *(2e)^-^2e(*(-2e)^/) in ^- From Proposition 3.2, we have 
that Tf G L2(5-2^, O). But for a Lipschitz domain, we have tha,t Tf G L'^{5-'^\ Q.\ 
is comparable to W(0) when < e < \. This gives that T/ G H^^(O) and T/ 
satisfies dTf = df in CP"^ in the distribution sense if we extend Tf to be zero 
outside O. 

Since < e < |, the extension by outside O is a continuous operator from 
W^{n) to Ti^^(CP") (see e.g. [LM] or [Gr]). Thus we have Tf G Ti^^(CP"). 

Define 

/, X G O , 

/-T/, xGO. 

Then F G Vr('p^)(CP'') and F is a ^-closed extension of /. D 

Corollary 3.4. Let 0+ be a pseudoconcave domain in CP" with Lipschitz bound- 
ary, where n > 2. Then VF/ "tfJO"*") fl Ker{d) = {0} for every 1 < p < n and 



(P,0)^ 
(0,0)^ 



W}+'{VL+) n Ker{d) =C. 



Proof. Using Theorem 3.3 for g = 0, we have that any holomorphic {p, 0)-form on 
0+ extends to be a holomorphic (p, 0) in CP"^, which are zero (when p > 0) or 
constants (when p = 0). 

Corollary 3.5. Let 0+ be a pseudoconcave domain in CP" with Lipschitz bound- 
ary, where n > 3. For any f G W}~^\{fl~^) , where < p < n, l<q<n — l,p^q 

and < e < ^, such that Bf = in O"*", there exists u G W,'^^_^~.{VL'^) with Bu = f 

in O"*". 

4. Nonexistence of Lipschitz Levi-flat hypersurfaces in CP" when n > 3 

In this section we study ^^-exactness of (0, l)-form / on a Lipschitz Levi-fiat 
hypersurface M C CP" and prove the main theorem. It is a refinement of arguments 
used in [Sil] and [CSW]. 

We recall the definition of the Chern connection form for the complex line bundle 
generated by the complex normal of M. Let CP"^ \ M = 0+ U 0~. Let p be the 
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signed distance function of M 

t d{z,M), if z e n+. 

If J is the complex structure of CP^ and V is the covariant derivative of CP" 
with respect to the Fubini-Study metric, the connection form of the complex normal 
line bundle Vp C on M is given by 

P{X) = {Vx{yp),JVp) = -(Vx(JVp),Vp), (4.2) 

where X is a tangent vector on M (see (5.3) and (A. 7) in [CSW]). 

For a general hypersurface, we need C^ smoothness to define the curvature form 
and the connection form. In this case, the curvature form Q^ associated with the 
complex line bundle for M is a well-defined 2-form with C^ coefficients in U and 
is (i-exact. Following the Chern formula (see Proposition A.l in [CSW]), we have 
that e^ = ^/^dl3 on a tubular neighborhood U{M) of M in CP". Let (3^ be the 
projection oi j3 to M defined by 

A = /?|t(i.o)(M)©T(".i)(M)- 

Write /9b = /3^ ' +/9^' where /9^' and/3^' are the (1,0) and (0,1) components of /9b. 
When the hypersurface M is Levi-flat, one can relax the smoothness using Lemma 
2.1. We first show that the Chern connection and the curvature can be defined for 
Lipschitz hypersurfaces. 

Lemma 4.1. Let M he a Lipschitz Levi-flat hypersurface in CP", n > 2. Then the 
curvature form Q^ associated with the complex line bundle for M is a well-defined 
2-form with L°° coefficients in M and is d-exact. In fact, we have G^ = \/—ld(3 
for some form (3 on a tubular neighborhood U{M) of M in CP^ . Furthermore, we 
can choose (3 to be C^~^ -smooth for any small 7 > 0. 

Proof. Let Q be a point on M and Eg be the holomorphic leaf of M passing 
through Q with dime [Eg] = n — 1. There is a holomorphic coordinate system 
(zi,Z2, ■■■jZn) of CP" near Q, such that (^i, ...,Zn-i) is a local coordinate system 
of Eg near Q. Applying the Gram-Schmidt process to the local holomorphic frame 
{^, ■ ■ ■ , gf-} near Q, we obtain a special unitary basis ei, ■ ■ ■ , e^ such that ei G 

T^^'^iM) for / = 1, ■ ■ ■ ,n - 1 and e^lp is orthogonal to T^^'°^(Eq) for all P G Eg, 
with respect to the Fubini-Study metric. If M is C^, then in = X{dp)^ for some A 
with |A| = v2- Notice that A is not necessarily a real valued function in P G Eg. 
Let 9n I be the connection 1-forms with respect to a unitary basis ei, ■ ■ ■ , e^ with 
ij G T^'^(M) for j = 1, ■ ■ ■ , n — 1. It is well-known that the curvature form G"^ 
of the quotient line bundle T^^''^' (C P"^) /T^^'^> (Tiq) is independent of the choice of 
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local frame {ei, ■ ■ ■ , e„}. Furthermore, its curvature form Q^ is a closed form, by 
the Chern-Weil theory. We remark that the Chern classes are well defined for any 
continuous complex vector bundle (see [Mi]). 

To see that O"^ has L°° coefficients, we use the generalized Gauss-Codazzi equa- 
tions (the Cartan-Chern structure formula, see (A.14)-(A.17) in [CSW] and the 
notation therein). Using Lemma 2.1, each 9^ i has bounded measurable coefficients. 
Let denote the curvature tensor for CP"^ which is an n x n matrix and On,n be 
its (n, n) component. We have 

n-l 
e^ = e,,n-5Z^vA^~;,^, (4.5) 

1=1 
where Oi^fi is given by 

OjA^) = -(Ve(e~.),e~,) = (Ve(e,),e~.), ^ G T(CP^), 

and Oj^fi = -On,] (see (A.17)-(A.18) of [CSW]). This gives that 6^ has bounded 
coefficients on M. 

Because M has real co dimension 1 in CP"^ and M is locally the graph of some Lip- 
schitz function, using a partition of unity, M admits a nowhere vanishing continu- 
ous global cross-section {C} in the quotient line bundle C = T^^'^' (CP'^) /T^^'^' (M). 
The quotient line bundle C is topologically trivial on M, just as in the smooth case 
(see [Sil]). 

This line bundle C can be extended trivially to a small neighborhood U{M) of 
M. Let Ms = p~^{s). Then Ms gives rise to a family of Lipschitz hypersurfaces for 
all |s| < e, e > small, with Mq = M. Using the moUifier smoothing technique (cf 
[Ka]), one can obtain a family of smooth hypersurfaces Ms such that each Ms is a 
smooth real hypersurface when s > and Mq = M. Let 11^^ = U\s\<e„Ms for some 
small eo > 0. Then U^^ is an open neighborhood of M. The complex line bundle C 
on t/,0 induced by T(1'°)(CP")/T(1'°)(Ms) is topologically trivial on U,,, since {C} 
is a nowhere vanishing continuous cross section. Also C \m= C.- Thus the Chern 
curvature form ©^ is rf-exact in t/e^. Using (4.5) again, we see that ©^ has L°° 
coefficients in t/gg = U{M). 

Since 6^ is rf-exact on U{M) and L°° C C~'^ on U{M) for any 7 > 0, we 
can use the de Rham-Hodge decomposition theorem and interior regularity of the 
(i-operator on U{M) to find some (3, which is C^~'^-smooth for arbitrarily small 
7> 0. D 

Proposition 4.2. Let M be a compact Lipschitz Levi-flat hypersurface in CP"", 
n > 3. Let /3^' be the projection of the Chern connection form j3 to T^'^{M), where 
(3 G C^~'^{M) is given by Lemma 4-1- Then there exists an e' > and a function 
u G C^' (M) such that 

BbU = (3l'^ m M. 
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Proof. Let CP"^ \M = 0+ U O . Then 0+ and O are pseudoconvex domains with 

Lipschitz Levi-flat boundary. From Lemma 4.1, /3^ has C^~^ coefficients where 
< 7 < 1 on M . 



Since M is Lipschitz, using the trace theorem (see [Gr]), we can extend /3^ 



0,1 

b 



to an (0, l)-form (3^'^on the whole CP" such that (3^'^ G W^-^+a (CP'"). Let 
0<e=i-7<i. Then / = 8(3^'^ E W%CP''). We set /± = /|n±. We may 
choose our extension such that that f± G L?q 2)('^~*7 ^) ^^ t = 2e since e < |. 
Applying the proof of Proposition 3.2 and Theorem 3.3, we observe that 

is a 9-closed extension of /3^' to O^. Thus, /9^' has a 9-closed extension (3^'^ on 
the whole CP'", with /3°'^ G ^("0 i)(CP'"). Since the cohomology group if (°'i)(CP") 
vanishes. We can find u G W'^'^^ (CP^) with 

Using the trace theorem again, we conclude that there is a -u G VF2+^(M) such that 

BbU = /3j'^ on M. (4.6) 

Using the local parametrization used in Lemma 2.1 with V = U|t|<^Et C M, the 

equation db is equal to dz' on each leaf S^, which is elliptic. From Lemma 4.1, /?^' 
is C" on M. From (4.6), and the classic Schauder theorem (cf. [GT]) for elliptic 
equations on E^, we get that u is C^'"-smooth on each leaf. Furthermore, we have 
(see e.g. [ShW]) that there exists a constant C independent of t such that 

hlci+^CEO < C'(|/3b'^|c«(Et) + ||w||l2(eo)' (4-7) 

where C depends on the neighborhood y of Q and the parametrization \1/, but is 
independent of t since (4.6) is uniformly elliptic on Et C V^ independent of t. 

From the Sobolev trace theorem, the function u G VF2+'^(M) has L^-trace on 
each leaf. Therefore, there exists C2 > independent of t such that 

II'U'IIl2('e,^ < C'211'U'II i+f. ^• (4.8) 

II 111^ {z.t) — ^11 ii^y^+<=(M) ^ ^ 

Combining (4.7) and (4.8), we get 

\u\l°°{v) < sup |'u|ci+«(EO < C3. (4.9) 

|t|<M 

Thus we have already proved that u is bounded. 
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It remains to prove that u is Holder continuous in the transversal t direction. We 
can prove this by applying a modified one-dimensional Sobolev embedding theorem. 
This can be done by taking the finite difference of the equation (4.6) with respect 
to the Besov norms. The proof is exactly the same as before and we refer the reader 
to the proofs of Lemmas 5.2-5.3 in [CSW]. Thus we conclude that u E C^ (M) for 
some sufficiently small e' < e. D 

Proof of the theorem. Using Lemma 4.1 and (4.5), we have that the curvature form 
\/—lQ^ is positive definite on each holomorphic leaf of the Levi-fiat hypersurface 



'b 
M (see Proposition A. 2 in the Appendix in [CSW]). Let h = 21niu, where u is the 

function obtained in Proposition 4.2. We have 

y/^dbdbh = v^^e^ > on T^^'^^M) © T^^'^^M). (4.10) 

Since h is continuous on the compact hypersurface M, it attains its maximum 
at some point p in M. Since p lies in the interior of some leaf, one obtains a 
contradiction from (4.10) and the Maximum Principle. This completes the proof of 
the theorem. D 

5. The case for CP^ 

To prove the nonexistence of Levi-fiat hypersurfaces in CP^, we can study the 
9-Cauchy problem for the top degree forms. There are major differences for com- 
patibility conditions for 9-closed extensions of (0, q')-forms when q < n — 1 and 
q — n — 1. In general, the space of harmonic {p, n — l)-forms on a pseudoconcave 
domain in CP^ is infinite dimensional (see Theorem 3.1 in Hormander [Ho2]). 

For q = n — 1, there is an additional compatibility condition for the 9-closed 
extension of {p, n — 1) -forms. 

Proposition 5.1. Let O CC CP"" be a pseudoconvex domain with C^ boundary, 
n>2, and letVf^ = CP'^\Q. For any B-closed f G W} _^JQ~^) , where <p <n, 
the following conditions are equivalent: 

(1) There exists F e Lf^^^_^^{CP'') such that F|n+ = f and BF = in CP" 
in the distribution sense. 

(2) The restriction of f to 60 satisfies the compatibility condition 

f /A0 = O, <peLl_^^,^{n)nKer{d). 

J bil 

(3) Any W^ extension f G W} _^JCP'^) of f satisfies the compatibility con- 
dition 

f dfA<P = 0, cpe Ll_^^,^ (O) n Ker{d) . 

When p ^ n — 1, the above conditions are equivalent to 

(4) There exists u G W^/p „_2)(^''~) satisfying Bu = f in 0+. 
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We remark that any / in 14^^(0+) has a trace in VF2 (60+) and any holomorphic 
{n—p, 0)-forni with L^(0) coefficients has a well-defined trace in W~^{bQ) (see e.g. 
[LM]). Thus the pairing between / and (p in (2) is well-defined. 

Proof. We first show that (1) implies (2). 

We assume that there exists a 9-closed extension F of a 9-closed form /. For 

(j) G C}_ o)(^) ^ Ker(9), by Stokes' theorem, we have 



0=dFA(j)=d{FA(j))= fA(j) = 0. 
Jii Jii Jbn 

If (j) is only in L^, we use an approximating sequence (/)i, G C}_qJQ) such that 

(piy ^ (p in L'^^_ o)(^) ciJ^d d(pi, ^ in L'^^_ ^JO,) by the Friedrichs' Lemma (cf. 

[CS]). We have 



= lira { [ OF A (j)^ + (-1)p+'^-i / F 
"^'^^ Jn Jn 

= lim / / A (/>, = / / A (/>. 



Ad(P, 



To see that (2) implies (3), we observe 



dfA(P= fA(P = 0. 
'a Jbfi 

To show that (3) implies (1), we set 

T/ = -*aiV(,_p,o)W) onO. 

From the proofs of Theorem 1.2 or Corollary 1.6, we have dTf = df in CP" if 
we extend Tf to be zero outside O. Define F the same as in (2.1). Then F G 
L? _-^x(CP") and F is a 9-closed extension of /. This proves that conditions (1), 
(2) and (3) are equivalent. 

When p 7^ n — 1, the harmonic (p, ?i — l)-forms 7i(p„^_i)(CP"') = {0}. Thus if (1) 
holds, then there exists u G W} _2){CP'^) satisfying du = f in CP"". Restricting 
u to O"*", we have proved (4). Conversely, if / is S'-exact for some u G W} ^_2^ (0+), 
we can extend w to be a {p, n — 2)-form in W} ^_2\{CP'^) . Then the {p, n — l)-form 

-F = Q-u is a 9-closed extension of / with L^ coefficients. Thus (1) and (4) are 
equivalent. The proposition is proved. D 

Proposition 5.1 also holds for any O with C^'^ Levi-fiat boundary. If one can 
show that any 9-closed form on 0+ with VF^(0+) coefficients extends to be 9-closed 
in CP^, i.e., any of the equivalent conditions in Proposition 5.1 holds on a domain 
with C^'^ Levi-fiat boundary, then one can show the nonexistence of C^'^ Levi-fiat 
hypersurfaces in CP^ using arguments similar to the proof of the main theorem 
in Section 4. Notice that in this case, the domain O is both pseudoconvex and 
pseudoconcave. But to prove the nonexistence of Levi-fiat hypersurfaces in CP^, 
we need the following W^ regularity for the 9-equation. 
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Conjecture 1 (W^ regularity for d). Let O CC CP^ be a Lipschitz domain with 
Levi-flat boundary. For any f G C5^-^~,(0) with df = 0, there exists u E W^{Q,) 

such that du = f . 

Conjecture 1 will yield the nonexistence of Lipschitz Levi-flat hypersurfaces in 
CP2. When 60 is C"^ and Levi-flat, this is proved by Siu (see [Si2]) with u e W^{n). 
It seems that one only needs the boundary to be C^ to have a solution u G VF^(O). 
Thus we can reduce the smoothness assumption used in [Si2] on O, but the W^ 
regularity of the solution for the 9-equation cannot be removed. 

The following Liouville type result stated in Proposition 4.5 in [CSW] remains 
open. 

Conjecture 2 (Liouville's Theorem). Let O"*" CC CP" be a pseudoconcave 
domain with C"^ -smooth boundary (or Lipschitz) 60+, n > 2. Then L? qJO+) fl 

Ker{d) = {0} for every 1 < p < n and L?q o)(^"'") '"' -^cr(9) = C 

This conjecture also implies the nonexistence of Levi-flat hypersurfaces in CP^ 
for n > 2. From Corollary 3.4, the set W, +(^^,(0+) fl Ker(9) is either zero or con- 
stants for Lipschitz pseudoconcave domains. When the boundary is C^, this is 
also true for e = 0. Thus it suffices to show that W} qx(0+) fl Ker(9) is dense 

in L? qn(0"'") n Ker(9) for the C^ case. There is still a gap in the the required 
uniform estimates (4.18) for Proposition 4.5 in [CSW]. We remark that Conjecture 
2 is much stronger than the nonexistence of Levi-flat hypersurfaces, since there are 
many pseudoconcave domains in CP"^. 

Acknowledgment. We would like to thank Sophia Vassiliadou for pointing out 
some errors in Section 2 in the original manuscript. 
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